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Problem 8.4

We are conducting an experiment on circuit board delamination rates found in pacemakers. We have three
factors with three levels each:

1. Firing Profile Time (8 vs 13 hours)
2. Furnace airflow (low vs high)
3. Laser (old vs new)

Each treatment combination has two replicates for a total of 16 experimental units.

(a) Give factor effects parameterization

Our parameterization will be:

yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik + (βγ)jk + (αβγ)ijk + εijkl

where:

• µ is the overall mean
• αi is the effect of the ith firing profile time
• βj is the effect of the jth airflow
• γk is the effect of the kth laser
• (αβ)ij is the interaction effect of the ith firing profile time and jth airflow
• (αγ)ik is the interaction effect of the ith firing profile time and kth laser
• (βγ)jk is the interaction effect of the jth airflow and kth laser
• (αβγ)ijk is the three way interaction effect of the ith firing profile time, jth airflow, and kth laser
• yijkl is the delamination rate of the lth replicate of the treatment combination with the ith firing profile,

jth furnace airflow, and kth laser
• εijkl is the random error associated with the ijklth replicate

(b) List all assumptions of the model including the sum to zero constraints

εijkl ∼ N(0, σ2)

with the following coefficient constraints
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(c) Write down the parameter vector β and the unique rows of the design matrix X

Our parameter vector is 

µ
α1
β1
γ1

(αβ)11
(αγ)11
(βγ)11

(αβγ)111


and our entire model equation (only unique rows displayed) with design matrix X is



y111
y211
y121
y112
y221
y212
y122
y222


=



1 1 1 1 1 1 1 1
1 −1 1 1 −1 −1 1 −1
1 1 −1 1 −1 1 −1 −1
1 1 1 −1 1 −1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 −1 1 1 1 −1





µ
α1
β1
γ1

(αβ)11
(αγ)11
(βγ)11

(αβγ)111


+ vector of random errorsεijkl

and since there are two replicates, each unique row appears twice.

(d) Fit the model in SAS
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(e) Produce a panel of diagnostic plots
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The one glaring issue is heteroskedasticity. Different treatment groups appear to have different variances
which could potentially be problematic when we are trying to estimate σ2. The QQ, histogram, and R-F
plots looks great though - pretty normal looking and a relatively low spread of residuals relative to the fits.
In all, I would say that the assumptions for this model are mostly met - in practice, it’s probably fine.

(f) Find point estimates for all of your parameters, including σ2

We first need to compute the sample means for all of the possible cell combinations.

We can calculate this in SAS using lsmeans option in PROC GLM. This outputs a bunch of tables containing
the sample means of different treatment combinations.

With all the estimated ȳs, we can estimate the model parameters:
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µ̂ = .488
α̂1 = .78− .488 = .293
β̂1 = .5− .488 = .013

γ̂1 = .497− .488 = .009
ˆ(αβ)11 = .785− .781− .5 + .488 = −.009
ˆ(αγ)11 = .797− .781− .497 + .488 = .006
ˆ(βγ)11 = .487− .5− .497 + .488 = −.023

ˆ(αβγ)11 = .805− .785− .797− .487 + .781 + .5 + .497− .488 = .0268
σ̂2 = .006

(g) State the full and reduced models for your seven type III F-tests

Full Reduced
flow yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +

(βγ)jk + (αβγ)ijk + εijkl

yijkl = µ+ αi + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

temp yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

yijkl = µ+ βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

flow*
temp

yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

yijkl = µ+ αi + βj + γk + (αγ)ik + (βγ)jk +
(αβγ)ijk + εijkl

laser yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

yijkl = µ+ αi + βj + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

flow*
laser

yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(αβγ)ijk + εijkl

temp*
laser

yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

yijkl = µ+ αi + βj + γk + (αβ)ij + (βγ)jk +
(αβγ)ijk + εijkl

flow*
temp*
laser

yijkl = µ+ αi + βj + γk + (αβ)ij + (αγ)ik +
(βγ)jk + (αβγ)ijk + εijkl

yijkl =
µ+αi+βj +γk+(αβ)ij +(αγ)ik+(βγ)jk+εijkl

(h) Produce an interaction plot for the three way interaction
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(i) State the null and alternative hypotheses used to test for the three way interaction
H0 : (αβγ)ijk = 0 for i, j, k ∈ {1, 2} HA : at least one (αβγ)ijk 6= 0 for i, j, k ∈ {1, 2}
The p-value from this hypothesis test is .22 so we fail to reject our null hypothesis at the α = .05 level. This
tells us that the delamination rate does not depend on the three way interaction between flow, temperature,
and laser type.

(j) Estimate the difference in mean delamination fraction for the two firing profile times
Here we want to estimate µ1..−µ2.. which we can do using the sample means ȳ1...− 2̄... = .781− .195 = .586
The standard error for this difference in estimates is found using the formula:

√
σ̂2
(

1
n

+ 1
n

)
=

√
.0065 ∗ 2

(
1
8

)
= .0404

so our resulting confidence interval is (.493, .679).
We are 95% confident that the true difference between the mean delamination proportion in the two firing
profiles is between .493 and .679
The appropriate SAS output found using the estimate and clparm in PROC GLM is provided below:

(k) Does furnace airflow affect mean delamination fraction?
H0 : βj = 0 for j = 1, 2 HA : at least one of βj 6= 0
We get an F-statistic here of .42 and a resulting large p-value of .534 so we fail to reject the null hypothesis.
The airflow of the furnace does not affect mean delamination rate.
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Problem 8.7

For 0% and 32% humidity, the effects of remain relatively constant regardless of the length of storage. For
45% humidity, seed viability decreases as the storage length increases suggesting heavily that there is an
interaction between this level humidity and storage which is further corroborated by the low p-value.
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